The fully nonlinear notion of resonance−geometrical resonance−in the general context of dissipative systems subjected to nonsteady potentials is discussed. It is demonstrated that there is an exact local invariant associated with each geometrical resonance solution which reduces to the system's energy when the potential is steady. The geometrical resonance solutions represent a local symmetry whose critical breaking leads to a new analytical criterion for the order-chaos threshold. This physical criterion is deduced in the co-moving frame from the local energy conservation over the shortest significant timescale. Remarkably, the new criterion for the onset of chaos is shown to be valid over large regions of parameter space, thus being useful beyond the perturbative regime and the scope of current mathematical techniques. Introduction.−Hamiltonian and dissipative systems have traditionally been studied separately due to their clearly different dynamic properties [1]: dissipation forces give rise to the existence of transient dynamics associated with the basins of the different attractors, while the Poincaré integral invariants of Hamiltonian systems lead to special behaviour of the eigenvalues of equilibria and periodic orbits, and to existence theorems for various types of orbits such as the celebrated KolmogorovArnold-Moser theorem. To date, only the notion of geometrical resonance (GR) [2] has been able to provide a deep link between autonomous Hamiltonian and nonautonomous dissipative systems in the sense that it offers a universal procedure with which to locally "Hamiltonianize" an otherwise dissipative system by suitably choosing the non-autonomous term(s) f i (t) such that the system's energy is conserved locally: f i (t) = f i,GR (t). The original formulation of GR analysis was for steady potentials [2] , and was applied to diverse nonlinear problems involving such potentials [3] [4] [5] [6] [7] [8] [9] [10] , including the stability of the responses of an overdamped bistable system [7] , the suppression of spatio-temporal chaos and the stabilization of localized solutions in general spatio-temporal systems [5, 8, 9] , and quantum control in trapped BoseEinstein condensates (BECs) [10] .
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On the other hand, a major body of research has considered nonsteady potentials appearing in different physical contexts such as synchrotron motion of beams [11] , BECs in optical lattices [12] , electron transport in semiconductor superlattices [13] , and nanoscale devices powered by the lateral Casimir force [14] , just to cite a few representative examples. In general, the reference frames co-moving with nonsteady potentials are accelerating frames, which introduces an additional complexity into analysis of the dynamics relative to the laboratory reference frame (L-frame). Since GR is neither more nor less than a local symmetry, namely that the dynamics equations remain locally invariant under time reversal when the non-autonomous terms are suitably locally chosen, f i (t) = f i,GR (t), it seems appropriate and pertinent to explore its implications in general systems.
In this letter, new properties of this subtle symmetry in the generalized context of dissipative systems in nonsteady potentials are characterized and exploited to determine a physical criterion for the order-chaos threshold in parameter space whose accuracy and scope goes beyond current perturbative mathematical techniques.
Theory.−Let us consider the class of non-autonomous dissipative systems
where the overdot denotes d/dt, g (x, t) ≡ −∂V (x, t) /∂x, with V (x, t) ≡ V [x − f (t)] being a nonsteady and spatially periodic potential while f (t) is an a priori arbitrary function of time, and where
x is a generic dissipative force. In the potential reference frame (Vframe) with z (t) = x (t) − f (t), eq. (1) reads
In general, if z GR (t) is a GR solution of eq. (2), it must satisfy
..
and hence
is a GR solution of eq. (1). Definitions (3)- (5) give rise to the following distinguishing properties. First, in contrast with the case of steady potentials [2] , where f GR is univocally determined from an algebraic equation involving the single GR solution associated with a given set of initial conditions, one has to solve a differential equation for f GR in the present general case. This is because the GR scenario for nonsteady potentials involves two reference frames, the V-frame being non-inertial in the general case. Second, conditions (3)-(4) are equivalent to the local energy conservation requirement
in the V-frame, while one has the requirement of a different local invariant in the L-frame:
By assuming f GR (t = 0) = 0 without loss of generality, and after Taylor expanding the potential, the local invariant I GR can be recast into the more transparent form
where
with
From eq. (8) one sees that, under GR conditions, the energy associated with the corresponding steady potential is not (locally) conserved in the L-frame, as expected, while the new invariant I GR allows the temporal evolution of this energy to be calculated for each GR solution. Third, in the Hamiltonian limiting case, i.e., d x,
f GR = 0, and hence f GR (t) = V t with V being an arbitrary constant and where an additional additive constant has been taken to be zero without loss of generality. This means that, in the absence of dissipation, GR solutions are solely possible for potentials traveling with constant speed, i.e., for inertial V-frames, as expected. And fourth, a GR solution will be observed if it is stable, i.e., if any small perturbation δz (t) of z GR (t) is damped. After substituting z(t) = z GR (t)+ δz (t) into eq. (2) with f (t) = f GR (t), one obtains the linearized equation of motion for small perturbations δz (t):
Note that this generalized Hill equation with dissipation also governs the stability of the GR solutions in the Lframe (cf. eq. (5)). It is shown below that this stability analysis together with the dependence of the GR solutions on the system's parameters and the local invariants (6) and (8) allows one to get a new analytical criterion for the order-chaos threshold from the weakest useful approximation to the local energy conservation in the Vframe.
Illustrative example.−To demonstrate the effectiveness of the present GR theory in a simple paradigmatic model, consider the dissipative dynamics of a particle subjected to a spatially periodic and temporally shaken potential:
The dimensionless eq. (11) describes for example the pinion motion of a nanoscale device composed of a pinion and a rack coupled via the lateral Casimir force, where η > 0 is a damping coefficient while f (t) accounts for the a priori arbitrary horizontal motion of the rack (see [14] for additional details). In the V-frame with z (t) = x (t) − f (t), eq. (11) reads
Thus, GR solutions of eq. (12) 
.
Exact analytical periodic solutions of the integrable pendulum (13) [15] corresponding to libration and rotation motions are given by z 
is the complete elliptic integral of the first kind [16] . After taking t 0 = 0 for simplicity, using the Fourier series of the Jacobian elliptic functions involved, and integrating eq. (14), one straightforwardly obtains the GR excitations
and the corresponding GR solutions in the L-frame
and 
which reduces to the Lamé equations
where u = exp (ηt/2) δz and v = exp (η √ mτ /2) δz for librations and rotations, respectively. Standard results for these Lamé equations [17] indicate that eq. (18) presents only one instability region in the m − η parameter plane. A careful comparison of eq. (19) with eq. (20) leads one to expect the instability region for librations to be clearly narrower than that for rotations owing to the term
, the maximum range of η values in the instability regions is expected to occur when m ≃ 1 for both kinds of motion due to all GR solutions z l,r GR (t) converging to the separatrix (the most unstable phase path) of the integrable pendulum as m → 1. Numerical simulations confirmed these expectations, as is shown in fig. 1. (ii) For any set of initial conditions not on the unperturbed separatrix, i.e., for any GR excitation (15) and corresponding solution (16) , one sees that the dependence of each harmonic of such excitations and solutions on the damping coefficient has exactly the same form: η/ η 2 + α, with α being a function of the corresponding natural period. From this it can be inferred that, for a periodic function f (t) of amplitude γ, the dependence of the chaotic-threshold amplitude, γ th , on η should obey this functional form irrespective of the value of η, an unanticipated result in view of the perturbative character of the current mathematical techniques to predict the onset of chaos (Melnikov's method (MM) [18, 1] ). (iii) Since harmonic functions are commonly used to model periodic excitations, the GR solution corresponding to libration near the bottom of the potential well (i.e., m 0) is of especial interest. One straightforwardly obtains the steady (t ≫ η −1 ) solutions (cf. eqs. (15) and (16))
while the corresponding local invariant (8) reduces to
i.e., I l GR (t) is no more than the sum of the energy associated with the limiting case of steady potential plus the energy associated with the V-frame moving as a linear harmonic oscillator of period 2π, which is an unexpected result. (iv) In the limit of very high dissipation (η → ∞), the steady GR solutions are equilibria (cf. eqs. (16) and (21)), as expected.
Order-chaos threshold. Next, one can use the above properties of the GR solutions to obtain an analytical estimate of the order-chaos threshold associated with a generic T -periodic excitation f g (t) of amplitude γ. In general this generic excitation will not exactly correspond to any GR excitation function (15) , and hence one cannot expect strict conservation (i.e., over an infinite timescale) of the invariants (6) and (7) for any set of initial conditions. Indeed, the energy flow is governed in the V-frame by the equation (cf. eq. (12))
For each set of initial conditions, the closer the excitation f g (t) is to the corresponding f GR (t), the smaller the deviation of the energy from the corresponding local invariant E GR . Clearly, the weakest physical condition that will cope with this deviation is that the energy be locally conserved over the shortest significant timescale, i.e., as an average over a period of the corresponding GR solution:
for some t 0 , and where
GR (t; t 0 ). Also, one assumes a Galilean resonance condition−a necessary condition for GR (cf. eq. (14))−for both libration (T = T l /(2n+1) for some n = 0, 1, ...) and rotation (T = T r /n for some n = 1, 2, ...) motions. Thus, eq. (24) provides a local condition that takes into account the initial phase difference between the generic excitation and the GR solution, hence allowing one to obtain a threshold condition (in particular, a threshold amplitude γ th ) for the energy conservation in its weakest sense. According to the above stability analysis, GR solutions are not uniformly stable as the natural period is varied. Therefore, eq. (24) is subject to the caveat that it is not expected to be uniformly valid for all values of the excitation period because of its dependence on the integration domain. In the limiting case T l,r → ∞, when both libration and rotation GR solutions converge to the separatrix z s,± (t; t 0 ) = ± arctan [sinh (t − t 0 )], . z s,± (t, ; t 0 ) = ±2 sech (t − t 0 ), the corresponding GR excitation is no longer a periodic function, as expected, but (for t 0 = 0)
where C 1,2 are arbitrary constants, gd (t) and
; − e 2t ) are the Gudermannian and the hypergeometric functions, respectively [19] , and eq. (24) becomes
for some t 0 . Since the separatrix is the most unstable phase path, one would expect the onset of chaos when a gradual breaking of the GR local symmetry reaches a critical value. Indeed, eq. (26) provides the physical condition for such a critical breaking, hence allowing the order-chaos threshold in parameter space to be estimated. It should be stressed that, because the GR local symmetry is defined over the complete parameter space, condition (26) is postulated irrespective of the parameter values. For the sake of clarity, consider the application of condition (24) to the simple case of a harmonic excitation f (t) = γ cos (2πt/T ). After some simple algebra, one straightforwardly obtains the following threshold amplitudes from eq. (24):
where ω ≡ 2π/T and E ≡ E(m) is the complete elliptic integral of the second kind [16] . Also, lim m→1 γ 
being the explicit estimate of the order-chaos threshold in parameter space. Let us now compare the prediction (29) with that obtained from MM. In keeping with the assumptions of the MM [1, 18] , here it is assumed that one can write η = εη, γ = εγ where 0 < ε ≪ 1 and η, γ, ω are of order unity. Next, one calculates the Melnikov function (MF), M (t 0 ), for the system (12) with the harmonic excitation. Since the MF provides an O (ε) estimate of the distance between the stable and unstable manifolds of the perturbed system in the Poincaré section at t 0 , one readily obtains M (t 0 ) = −8η ± 2πγω 2 sech (πω/2). If the MF has a simple zero, then a homoclinic bifurcation occurs, signifying the appearance of homoclinic chaos [20] . This yields the threshold value
Numerical simulations confirmed the effectiveness of estimate (29) as against (30). An illustrative example is shown in fig. 2 , in which one sees how the chaotic regions in the η − γ parameter plane, determined by Lyapunov exponent (LE) calculations [21] , are reasonably well bounded by estimate (29), while the extrapolation (recall that η, γ must be much smaller than unity) of the MM estimate (30) clearly fails.
Conclusions.−A theory of geometrical resonance in dissipative systems subjected to nonsteady potentials has been presented, and its effectiveness in obtaining an analytical criterion for the order-chaos threshold in parameter space beyond the perturbative regime demonstrated by means of a paradigmatic example. While the mathematical theory of deterministic chaos was definitively established by the work of Poincaré, Birkhoff, and Smale, the present physical theory suggests understanding the onset of homoclinic chaos as being coincident with a critical breaking of the GR local symmetry, specifically, as coinciding with a critical breaking of the local conservation of the separatrix's energy in the co-moving frame for generic nonsteady potentials. Finally, a natural continuation of this work is the study of the GR local symmetry and its eventual breakage in classical and quantum Hamiltonian systems. * * * The author thanks P. BINDER, T. DITTRICH, E. HERNÁNDEZ-GARCÍA, and P. J. MARTÍNEZ for stimulating discussions. This work was supported by the Ministerio de Economía y Competitividad (MECC, Spain) under Grant N o FIS2012-34902 and by the Junta de Extremadura (JEx, Spain) under Grant N o GR10045. (29) and (30), respectively] from GR analysis and MM, respectively.
